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This paper presents a •• thod for straighten curved interphases
arising in phase-change problems. The .ethod works on isopara-
metric finite elements, performing a second transformation
which the interphase looks as a straigbt line. This allows
using the current Gaussian integration technique for squares
to evaluate the integrals over each phase. Several numerical
eXSlllplesare pr_ented to show the performance of the method.
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Ilur1IIsthe latest yesrs ftry &lChInterest baa beeIl devoted

to the _deal so1utloll or phase-cballse probl_. 'l'h1s phenc._

takes place In ~ processes or teehDoIOClcalloterest such •• 8011

treed.nc, steel and &1"s 1D4uat17,thenIal prot.ecUQDor heated 4eri-

ca, nuclear safety anaJ.7s1a and _IQ' others 1,2. 'l'h1a probl_ 1a

characterlzed by a POlllltr1C-tn>elIOIlllnearl\7 due t.o the .,nOS boua-

dades of the reslons vhere the heat transfer equatlGD_1'. be soh-eel3•

ReprdIIl1 this fact, ~ authors haft deTelopedaJ.&orlttaa whicb track

the positlon of the IIOrllll front.. There are a IIWIIberof vorka whIchuse

a defona1.nssrid fol"lllUlat1GD4-6.In these JDethoclathe interphase al~

lies on one aide of samedetendoed el_uts. The arId IIDTeSt.o adapt.

to the dlsplace.ents of the 1nterphase. remaiD1asthe sameelementa 10

the solid and liquid pbaa•• Aa an alternat1Te to reduce the nWl:berof

desrees of rreedOla, O'leUll discret1zes only the boundary of eacb

phase, ua1as Green tunctl00a to el1lS1natethe vol_ loteSrals. This

boundaryelelHllt lllethod1a applied to the quulstea~ rora of the heat

transfer equation (low Stetan nWllber)10 aterials vhere the thermal

coefflcienta are not temperature-dependant. Althouch traeltinc methods

are a -natural- approx1lllat1onto this problelll. there are a _bel' of

dravbacka that 1n4uce\ISlas rued =-.In aethods. Betveen thea or.e can

addresa that the:YDeed startiDC .olut1ona and they cannot cope with

appear1ns!disappearias phases and mult1ple or no-smoothinterphases.

Fixed domainmethodsuse weakfOnaulations8•9 and 1JI:plicltelT

cQDtainthe laterphue IlDTiascollClit1onin' the inteSr&ted rora of the

heat transfer equatl00. AttbI:Y10uses the enthalpy •• the nodal unltnovn



and an explicit scheme tor the time integration. Once the enthalPY' is

cletenUned tor a given time step, be obtains the temperature applying

the iDTerae enthalpy-temperature relation. Coldni et al.ll replace the

effect ot the latent beat by an equlY8.1ent beat capacit,. Y8.UcIin a

narrow range of tsperatures around the melting temperature. In this

WlQ', this equivalent beat capacit,. method removes the discOIltiDuity at

the phase-ehange front, allowing uaing the te.perature aa the -.1n

UDknovn. However this class of lletbod bas the drawback that the tbe

st.ep used IILIstbe s_ll enough to prevent the interphase troaa advancing

.ore than one ele.a:ent per time step, o1;hervise the alaorithat loses part

of the latent beat involved. )!eyersl2 instead, splits the interphase

iDto a phase-ehange region within which the enthalpy varies linearly

with the temperature. But when this III1S~ region .oves in-between two

nodes, the a1aorithll cIoes DOt. realize its _tiOD. A way to cireUlllvent

this objection is to use a large regularization parameter so that the

phase-ehange region contains several elements. Hence the solution is

strongly dependent. aa the size of the resularizaton parameter whose

proper m.gnitude is unknown a priori. Rolph et al.13 and Roose et

al.lll use a fictit1cwl heat source applied to those elements which are

chaD&ingphase, until such elellents are completely melted. The t'_tures

of these alaoritha res_ble those of the enthalpy-based methods.

'redmond and Blanchard15 integrate the heat tre.nst'er equstion with re-

spect to tiae, det'1ning a treedng index as the _in unknown. Further-

aore they reaularize the enthalPY' to treat IIII1S~regioaa.

~ avoid the neccessit,. of an explicit smoothing in the tem-

perature t'orIILIlation, it has been proposed uaing discontinuous Unite

el_ts16• In this VlQ', it is possible to aecurate1¥ integrate the



lat.ent heat c:oat.ributlon to t.he equUlbriua equatlOll. Whenan int.er-

pbue t.raverses an ele:ent. It. 1&split o£t -ancIthe integratlona OYer

each phaae are per-fOIledseparat.e1¥ oyer each part. 'l'be discontlauous

lat.egratlOll COl1ceptvas prev10uslT used b.T StewealT t.o solve the

Polssoa equat.1oDIn at.eriala vllere the pllTslcal properties have a JUIIP

cllacOlltlnult.;rat a specified later-.! bouacla17.as 111a llOI1-hoacgeaeclWl

ae41ws. However1n both alior1t.-. ot References 16 &D417. the inter-

phase Is coaslclered st.ra1cbt.. vh1ch1&obv1oualTnot. true In _to prac-

t,1cal cases. as vhen using linear quadrilateral tlnite elements.

In \b1a paper. t.he two-dimenslonal phaae-chan«e problem is

analized. 'l'be discretization process is achieved via qwadrilateral

tinit.e elelllents. Weuse the linear isop&rallletriccoordinat.e transfor-

_tion to eYaluate the element atrices and a second -.pping in those

elements vhere an 1nterpbue 1&7sacross t.o obtain a aev repres_tatioo

ot the elements 1n vh1ch the lnterphue lOOlta•• a straight line. TheIl

t.he integrab can be accuratelT calculated using _rical 1ntqraUOIl

tor t.rianales or qua4r1laterala. P'inallT. the nonli~r s)'St.•• ot equa-

t,iOllS1&aolYedb.Ta mcl1t'ied llevton schemet.o bIpr'Oft convergence&D4

avoid numerical 1Datab1l1t7ot the iterative achellle.several numerical

exampl•• are preseated to sbov the behavior ot t.he _thoc1. It 1&vorth

aenUoning that thla procedure -.r be straighttolYarclly applied to

other p~ical problemawhere there can be elelllenUvith an sbrupt. la-

tel'll&l iaterphase.

The heat coaducUOIlprocess 1a ruled h;r t.he part 1&1ditterea-

\1.1 ~1I&t.1OQ



'1' IIv kV'1'+Q- p-at

111a do_1n Q , with appropriat.e bollDcI&l'7&lid1D1t,1alcondit.100s. 1D

equation (1) k 18 t.he t.her-.l COIlduet,lT1t;r,'1' the talperature, Q

For pbaae-cball8eprob1e:. the entalp;r baa a Jumpd1seont,lDU-

iV' at the _110108temperature '1'., equal to the latent heat content

per _110 ~ L. '!beretore H att.a1Daa eli_ont1nu1t,. at. t.he tree

boundar;r. '!.'he integral weaktora8,16 ot equation (1) takes 1nto account.

this dia_t1nu1t7 aDd 1a the baa18 tor a f1nite element. analysis 18 •

IntecratiD8 equation (1) we1shtedby se- tllDetiOllS B1(x) and apply1D8

an Cl-aetbod19for t.he time der1Y&tbeot t.he entalp;r, we have

+ J 11(x) Quotel-l dV + J Ii(x) Cln+a-1 cIS - 0 (2)
Q an~

with 0 < CI< 1 • In equation (2), " 18 the OIlt.vard-draYtlnormal to

an~ of t.he bollDdal')'.'!be subscr1pt. D denot,elIvalues evaluated at

specific times ot the 101Mint.erval. Weshall concentrat.e here on 111I-

pUeit methods, .ore preciae17 when Cl- 1 • Equation (2) IIII!¥ be re-



I,..- I li(X) Ui(t)
i-1

torce vector and u 18 the vector or nodal WlImovIlsu1. Equation (3)

stands tor •. single equation ot the STstea (") vhere ve haYe

IJ<liJ - J VIi k VIJ dV (5.1)
Q

(Iii - J 1- Ii R_ dV (5.2)
Q At. ""II

IIIIt • J 11 ~ dV+ J 1- Ii Bn-1 dV+ f 11 ClodB (5.3)
Q Q 61'. allq

t111UOUSina1cle it &Del equation (5.2) cannot be adequateq integrated

using a m.userlc&ltechnique such as the Gaussian rulel6•

ApplJrill8the 18op&rallletrictraDlltorm.t1oa18 to the two-phase

element ot rieure 1 (al. i.e •

•x - I Ii (t ,II) Xi
i-I

vhere ~i' 1 - 1•••••• are the sue linear shape tllnctlons used tor

the discretization or .the temperature and lIi are nodal coordinates.

this element 18 upped oDtoa aster which 111the (t '" ) plane looks as

1n Figure 1 (b). Tbea the integralS (5) caa be pertomed 1n the master.

'l'he nodal enthalpy c:oatribut1oa tl'Cllll equation (5.2) reads as

1 1
III" - ~1 ~1 IJ (t.ll) B(T(xl) .detJdt &,
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In order to integrate the d1acontinu1tT accuratel,y • equation

(6) -.r be evaluated separatel,y in both rqiooa. frozen and utrozell.

ot the 8&ster, i.e.16

II IJ • f IJo I det J dE;drI + f IJ H clet J « drI (7)
o~ 0:

vhere the subscript. s and 1 denote sol1d &lid l1quid phases and the

Hs and lit detined as in l'1gure 2 I that 1&I •• extensions of the

slllOOthportions ot H. equation (7) -.r be vritten in the tvo tollov-

1 1
IIIJ. f f IJ Hs det J dE;d1I + f IIJ (H1 - Ia> det J dE;drI

-1 -1 a:
As, the integrands in each or the tirst r1sht-hand side terms

in equations (8) are a.ooth and the integration domain is a square, the

veen lis aDd lit in &lITor the regions into vhich the _ster elemen't

is tiT1ded.

Since the solid and liquid regions ban arbitrary curved bou.!

daries I there are DO simple lIWIIerical integration schellll!s to evaluate

the second intecrals in equation (8). The solution proposed 1n this

paper is to tind a II&ppingof the (E; I,d plane GIlto another «( '.'1 ,) '.

1n vhich these regions are transformed into a triangle or a quadrlla-
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opposite aides. as sbovn in rieure 3. ODeetMs transtormaUotl is 0b-

tained (and Il&Y be easi17 1aTerted). the problea 1a solved by int •.•

craUnc in the hatched &reaof the el_nt. ot F1pre 3. A tint trial

~ be the mapping (t .11) • (t.'1') vhere in each element '1' 1a civen bir

lieure " sbov. the result ot this tra:lstorm.tiOll. It is tri-

Tial that uder thi. mapping.the interphase 18 a .traiCht line '1' •

linear tunction ot the remaining variable. BclweYera problea arises

When 'l·!Ii or/am!. '2 = '1'3 because this transtormation is DOt one

to one but the elementi. mappedonto a triansle or a line in the (t.'1')

- aT I aT a2T I,. , + - t + -I II + -- t "
at 0 a" 0 at a" 0

aT I '1'2 + '3 - '1'1 - '1'"

at 0 • "

aT I '1',- + '1'3 - '1'1 - '1'2

a; 0 • "

~ I . '1'3 + '1'1 - 'r2 - '"

at a" 0 "
the subscript 0 denoting Yal.ueseval_ted at. the· origin ot coor-

dinates. Hereinafter weshall use a superimposeddash tor denoting such



(1;1)

(1,1)
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reached by vri ting

aT aT---at 311
-1 • 1 • 1 M

If
M

11ft 112 31' 31'

"""

2

all a(



[::]. [:j +
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Equation (11) ·.atia(1es the preYioua requ1rementa. I'1l'11t, tor ( •

conatant equat10n (11) glYes the p&raIIIet.ricequat10nof one aide of the

quadrllatel'lll 1n the (t' ,III) plane with " as the parameter. But t'

with" • COlllltant.HelICet~ tnulllf~tion _ps quadrllaterals with

aidea parallel to the axes (t,,,) onto quadrilaterals 1Dt.he (t',Il')

plane. Add1tionall)-, whenthe temperat.urevariea li_rl)- vith1n the

ele.ent, the secondderivat1Te 1n equation (10) 1s null aDdthe trans-

tOhlation (11) becomesthe identity. Furthermore IIIllt.1ply1ngequation

(11) by VT, weeaa see that every 1aothel'lll or. Tp transtorms into a

atra1ght line 1Dthe (t·.Il') plane 8111Ce

[ ::]. [:] + [~] t"



vb.1ch 1a the relation betveen the curvature and the temperature g~

dient. fte detera1n&11tof the Jacobian J' ~ this t ••••• fo..-tiOll r_da

1 - ( I~ 1+1Ar. I) > 0

Replacing the deriY&tlTes ~ their definition and after some

al&ebraic _nipulatiOGa. condition (111) r_ds



111'1" 5 sbovs the .plot ot these equaUoaa 1n the '1. '2

p1aDe. be11l8the Jacobian DegatiTe wide the area enclosed b1 tbe

c1rcles. 'l'he square ploted in tbe s_ tlsure is clet'1Dedb1 tbe equa-

'!bwI t.alt11l8a taperat~ '1'- IlUChtbat aiD ('!'I. 'l'J) > T- > _x ('1'2.

'1\) or _x ('1'1' '3) < '1'- < lI1a ('2. 'f4) • the isothera T • '1'- cut. the

tour sid_ ot tbe quadrilateral •• .bolrn in Figure 6. Wecan see that

the reglon of aqatbe Jacobian ~t coincide with tbe repon where

the tvo-pba.e element has two lIIterpbases. but. this .Uuatoton i. ftry

'l'oftrity the accuraq" of this aapp1ll8.~ can set Ht -Hs • 1

1n the second integrals ot equation (8) and eYlLluatethe area ot the

hatched regions shovn10 Figure 7 tor several values ot I • In Table 1

18 depicted the c:ompa.r18onbetweena.) the llethod described above to

map the region into a triangle. integrating nUlllerie&1l,ywithin the

triangle with 9 points ot Gauss. b.) the straiglltl1ne-interphase lllethod

and c.) the anal)-tieal value given b7
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It rema1na to ana.l¥ae the eaae ot the 1D_rtioa or coor-

dinatea. that. 1a to &0 tna «(' ,II .) t.o «( oil) • With aomeal&ebraic

-'II (2 + {l + (At II' - -'II ('») ( - ('. 0

Mvidil11 b7 (2 aDdaolYiIll t.he q,uadrat1c e(luat.1oa1D l~ • we find



tor, one -.nner to accomplish this task 1.8 to appropriately include

thi. Yect.or 1D S. Quaai-Iewt.on aet.bods20 proYide a s,.st.emat.ic va:r to

do this Job. In Reference 16 is dneloped aD algorit.ha of this type

tbat. .alte. a d1a6onal correction of S tbat ball shown to be adequate to

bandle this type ~:~~bUities. ~ring t.be it.eratiYe process it is

uaetul to use underrelaxtion in the first iterat.ions to enhance stabi-

ones. The relaxation paramet.er can be properl,y determined using a line

search technique16 which determines the size or the increment which



uJ)'1' r(uJ + CJ 6 uJ)
n n n

(A u~)' r (Ui)

'1'0 stop the iters.tion we measure the apltud of the out_f-

balaDce. ot the solutlon, that lB, iteration proceeds UDtll

II r(u) II
II Ku II

ot a s1ai-in1'inlte region detined by x > 0, '7 > 0 • The lnitial t_

perature ls O.3·C and the halt pl.aDe ls tro&en by lowering the te.pera-

ka· Itt• 1 k&1/. see ·C

pL· 2 k&1/.,3

'rhe rinite element mesh used is deplcted on F1&uz'e 8, where otI1¥ a 1a5-

section bas been d1screti%ed. '1'0 simulate the inflnite balt plane,



q•...
I

"U1



r
I :::

a:
I
I
I
I
I
I
I
I

\l, ••

I

U I -g

I
Q

i= I

I -
I

0

I

~ I •

I

<{ I
I J

I

-i z I

I

<{ I
.•.

I

W I '"

I

u.: I
~

I

t {I

I

+ I ..•

I

t ~

I

I
,!J

I
..•

I

'"I
.•.

I

I
••...•

I

I '"

I

I
u

I

I

I
~

I

I
.•.

I
•

I

'"

I

I t
I

I I

I

I
E-<

I

I

I
0..

I

I ~
I 8I
I

H

I I
•••

M

I

Ia
I

I

.~L- 3~nl~3dW31



I

IL__

+ F.E.M.
ANALYTIC



9 aDd.10 abaiwthe t~rature protile aloac the llae x. 7 as' a tIlDC-

tiOD ot \be cI1ataace to the or1clJl I, tor Wo tble stes-. '1'he _rical

aolutloD 1a CClqI&z:edv1th t.be ~lcal aolutloe or Ilaclhla aIId

I:rieth21• F1pre 11 abaiwa the tt. evolution or tbe lDt.erpbaae pClII1-

t1oa. '!'be _ CPU tt. DeedecItor, c~t1ne the residual TeCtor 1a tbe

tlnt tiM atep va 6.158 sec. "lII.1a1& the tt. atep .•hea IM)re e~

chaD&e pbaae. For tM __ II 1JI the llnear cue (v1thout phase-

cbaqe ud. d.lacoats.-& iDtqratioa) the __ CPU t1ale _a 5~825 _.

For the atn.1cht-iDt.erphue asa~tiOD the _. CPO tbe •• 5.906 He.

'!'be CVYeCl-iDterpbaae lletbod 1a liS mre expeaa1ve thaA the ~

lDtephue algoritt. aDd 5.n than t.be linear cue. RIma were per1'o~

OD a VAX unso. '!'be edcl1tiolBl coat due to the _ tOIWllat101l is

'!'he .ala depicted 01111&'1" 12 __ -mmclred. equaJ.q-apaced. el_nta

to d1acret.1ze the 90- corDer reg10a or tbe ba.l.t plaDe. '!'he time atep

uaed 111th1a eX&IIPle18 0.02 aec. 11aurea 13 aDd 1~ aboll' t.be t-.pera-

ture protUe alone the llae x. 7 tor two cl1ttereat ti_ steps. III

,.leure 15 the lJIterphue locua 1a plotted tor t. O.Oil aec.

tur.e distribution 1a gben 'b,r

1

2 t (X,7,t)

'1' •

1.5 t (Xo7,t)

t. R + 0.25 t - 1
beine R the dist.&Dee lleUure4 r~ the point p. (0.1,0) • '!'he 1llter-
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'l'b1a temperature cl1str1bution

lnt.ernal heat aource 81Yenb,r22

1
2 (0-25 - i)

Q(It.7.t)

1.' (0.25 - 1)
I

step ued 18 0.25 see. r1&\lre11 plots the 1ntephase position for tvo

t1ae steps. ncure 18 sbava tbe t.eIIperatun profile at t. 1 sec:. tor

sented. It allows an 1JIproved1ntegratiOl1ot dllleootlDUC1U8tuoet.l_

YUMa t.he eleaeats whicharc traversed 1»7 such 1aterpbasea. 'l'beproce-

dure vas applied to .adel tv0-4i_ulonal phase-cbanp problema. 'l'be
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~:laD. 'l'be &lgor1t~ teaturea an accurat.e lat.egrat.1cIlof t.he ent.halpy

contrlb1ltloD to the realdb.al vect.or. P'lIrther"llOre. the comrergenee erl-

t.eri_ is lUled lIT t.he DOraot th1a residual veetor.

'!'be It.erattcm process is l».D41ed lIT a caretul strategy to

awld spurious oecllat.1one and i.act or coayergence. It. COIIlbines a

proper .edification or the it.eratlon at.rlx vlth aD approxu..te line

aarch.

'!'b1s alaoritba .aT be re&d1~ bIpleaented la tlnite ele.ent

pactages ¥itbout &IlTaJor mdUicaU_ of t.he prograa. Little &4di-

t.1011&1ealeulation is required to e_luate the proposed tranatonation,

0Il17 a square root at each Gauaalan polat is Deeded to eo.put.e t.he

Jacobian and to 1IIvert the coordinate s7stem. The eo.putaU_ or t.he

ln~ecrals 111~e el_ts trayesed lIT the 1IIterphase does DOtproduce

reltmUlt extra cc.t. The IIethocl behaves eDCOllraC1na17111the examples

perforwed.

II. storti and L.A. CrheUl wuld 11ke to thant the Cor:seJo

laclonal de IayesUaaciones CleatUle •• 7 'fecalc •• (COIlICET).Argeati-

_. tor t.he support givea 'ria a researeIl tel.1c:lllship provided tor this

vort.
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